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Abstract. We study the kinetics of the two-dimensional q > 4-state Potts
model after a shallow quench to a temperature slightly below the critical one and
above the pseudo spinodal. We use numerical methods and we focus on interme-
diate values of q, 4 < q � 100. We show that, initially, the system evolves as if it
were quenched to the critical temperature: the configurations exhibit correlations
that are indistinguishable from the ones in equilibrium at T c(q) over longer and
longer length scales as time elapses. The further decay from the metastable state
occurs by nucleation of an average number k out of the q possible phases. For a
given quench temperature, k is a logarithmically increasing function of the sys-
tem size, bounded by q. This unusual finite size dependence is a consequence of
a scaling property underlying the nucleation phenomenon for these parameters.
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1. Introduction

When a control parameter is changed across a first-order phase transition one observes
hysteresis and metastability. These phenomena are widespread in nature [1] and, par-
ticularly, in many areas of physics [1–5]. Besides, metastability plays a prominent role
also in biological systems such as, for instance, proteins and nucleic acids [6, 7].

The simplest example of metastability is provided by a uniaxial ferromagnet in an
external field, whose paradigmatic modelisation is the Ising model. Upon field reversal,
on condition that its magnitude is sufficiently small and the temperature is subcritical,
the magnetisation remains at the pre-reversal value for a certain time, the lifetime of the
metastable state, before flipping to the new equilibrium value. The phenomenon can be
ascribed to the competition between surface tension and bulk energy and is accounted
for, at least at a simple semi-quantitative level, by classical nucleation theory [1, 8–10]:
a nucleus of the equilibrium phase in a metastable sea is unstable unless its size exceeds
a critical value. As long as the nucleus remains subcritical it is more likely to shrink
and disappear than to grow, but as soon as it has exceeded the critical size it will keep
growing with larger probability than that for shrinking. Then, in this picture, the lifetime
of the metastable state is the time needed to nucleate, by thermal fluctuations, critical
nuclei (notice that in this context critical does not refer to the criticality of the state
at T c), and to grow them until magnetisation is reversed. Elaborating on these ideas,
more refined theories of nucleation [11–22] have been developed, and they describe the
phenomenon with good accuracy.

In the previous example, the metastable and equilibrium states are associated to the
two ergodic components which characterise the zero field infinite system at low temper-
atures. However, the situation is not as well understood in systems with more than two
ergodic components, such as those described at the simplest level by the ferromagnetic

https://doi.org/10.1088/1742-5468/ac7aa9 2

https://doi.org/10.1088/1742-5468/ac7aa9


J.S
tat.

M
ech.

(2022)
073204

How many phases nucleate in the bidimensional Potts model?

Potts model [23]. This model is defined in terms of lattice discrete variables taking q � 2
possible values, sometimes called colours, and the interaction favours equal colour on
nearest neighbour sites. For q = 2, the Ising model is recovered.

In the absence of external fields, the Potts model undergoes a phase transition
between a high temperature disordered phase and a low temperature, spontaneously
symmetry broken, ordered one at a q-dependent critical temperature T c(q). In two
dimensions, the character of the transition changes at q = 4 [24, 25]: for q � 4 it is
continuous (second-order), while for q > 4 it is discontinuous (first-order) and metasta-
bility is found. Specifically, upon quenching from T > T c to T � T c a finite-size system
remains disordered for some time, before starting the evolution towards the final equilib-
rium which amounts to one of the q symmetry related low-temperature ordered states.
Hence, at variance with the field-driven transition in the Ising model, in the q > 4
cases nucleation of multiple phases occurs, and one speaks of multi-nucleation. Another
important difference is that one has a first-order transition that is temperature driven.

The determination of the lifetime of the metastable state, its dependence on the sys-
tem size, the dynamic escape from it, and the nature of the nucleation process are
difficult and much debated issues [26–29, 32]. In particular, it was argued [30, 31,
33] that both the lifetime of the metastable state and the temperature range below
T c where metastability may exist in the Potts model, shrink when the system size
increases. This poses yet unresolved questions on the nature of the metastable state in
the thermodynamic limit.

In a previous paper [34], some of us addressed some aspects of this problem ana-
lytically with a perturbation scheme valid for large q. It turns out that, for q →∞, a
long lived metastable state exists for quenches to final temperatures T which are larger
than T �, where T � → T c/2 in this large q limit. In [34] a rather precise description of the
metastable state was given, both from the microscopic and thermodynamic points of
view. However, a similar characterisation of the escape kinetics is still missing for finite
q. Specifically, while the nature of the metastable state can be well described in such
an analytical framework, its lifetime (for finite q) has not been determined yet and its
very existence in the thermodynamic limit could not be proved. Related to this issue,
the order in which the two limits of large q and large system size are taken should be
specified and considered.

In this paper we study the process whereby the disordered metastable state is run
away and the way in which the target equilibrium state is approached in the square
lattice Potts model with q > 4, after shallow quenches from high to low temperatures
close to T c. We use Monte Carlo numerical simulations with the Metropolis rule for
different values of q and linear system sizes L. We choose q values which are larger
than 4, q = 9, 24, 100, but not too large so that we can observe nucleation in a rel-
atively wide temperature interval below T c, see [34]. In a companion paper by some
of us [35] the related issue of deep quenches below the pseudo-spinodal of the same
model for much larger q values, closer to the ideal q →∞ limit, is tackled and the full
parameter dependence of the curvature-driven growing length in the coarsening regime
is determined.

Our main result is the characterisation of the multi-nucleation process. We show
that,
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• For a restricted time after the quench, the system evolves as if it were at the critical
temperature or slightly above it.

• Later, multi-nucleation takes over. We argue that for a given system size, the number
k of phases that nucleate is a logarithmically increasing function of L,

k ∝ ln L for 4 < q � 100, (1)

with k � q, see equation (16).

In addition, we also study the dependence of k on q and T . After the metastable
state is escaped, colours which do not nucleate remain in the system only in the form of
thermal fluctuations. Those which nucleate start competing, resulting in a coarsening
process [35–46] which leads, at some point, to a single dominating phase and equilibrium
is attained (at not too low temperatures; otherwise, blocked states of the kind discussed
in [35–40] can be attained).

The paper is organised as follows. In section 2, we introduce the Potts model and
its dynamics. We also define the relevant observables that will be further considered.
In section 3, we provide a general description of the whole dynamical process, from the
instant of the quench, to the escape from metastability and further on. Section 4 is the
core of the article and contains a thorough discussion of the multi-nucleation process.
Finally, section 5 concludes the paper.

2. Model and observables

The Hamiltonian of the Potts model [23] reads

H[{si}] = −J
∑
〈ij〉

δsisj , (2)

where J > 0 is a coupling constant and 〈ij〉 are nearest-neighbour couples on a two-
dimensional square lattice of linear dimension L. δab is the Kronecker delta and si is an
integer variable ranging from 1 to q � 2. We consider periodic boundary conditions. In
the sum we count each bond once, and for this geometry the energy is bounded between
−2JL2 and 0. The critical temperature is exactly known in d = 2 [23]

kBTc(q) =
J

ln
(
1 +

√
q
) (3)

and the phase transition is second- (first-) order for q � 4(q > 4) [47]. Notice that
for finite systems of size L, denoting with T c(L, q) the finite size critical tempera-
ture, the corrections to the infinite size T c(q) given in equation (3) go as (T c(L, q)−
T c(q))/T c(q) 	 L−d [48]. Henceforth we will set kB = J = 1.

We consider the dynamics where single spins are updated according to a random
sequence with a probability w(s, s′) to change from an initial value s to a final one s′.
We use the Metropolis form w(s, s′) = min[1, exp(−ΔE/T )], where ΔE is the energy
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variation associated to the flip. A unit time, or Monte Carlo step, is elapsed after L2

attempted moves.
In the following we will consider a protocol in which the system, initially prepared

in an infinite temperature equilibrium state, is suddenly quenched at time t = 0 to
a low temperature T < T c. The dynamical evolution has been studied in previous
works [35–46] mainly focussing on the coarsening regime. Here we are interested in
metastability and multi-nucleation, which clearly arise at T � T c.

After the quench the system relaxes to a low energy state and the energy density
e(t) = 〈H[{si}](t)〉/L2 approaches the final equilibrium value e(∞). Here and in the
following the non equilibrium average 〈· · ·〉 is taken over thermal histories and initial
conditions. In order to quantify the relaxation we will consider the energy density excess

Δe(t) = e(t)− e(∞). (4)

In a configuration with well formed domains, connected regions with the same spin
state, the excess energy is stored on the domain walls, and Δe(t) is proportional to the
density of interfacial spins. Since for non fractal aggregates this quantity is, in turn,
inversely proportional to the typical size of the domains, from Δe(t) one can infer such
characteristic length as

R(t) = Δe(t)−1. (5)

This definition becomes questionable for instance in the initial stages of the process
when domains are not formed. Therefore we will discuss below another determination
of a typical length scale based on the measurement of spatial correlations.

A fundamental quantity, usually considered in coarsening processes, is the equal time
spin–spin correlation function. Specifically, we define the quantity

Cij(r, t) =

∑q
n=1 [〈δsi(t),nδsj(t),n〉 − 〈δsi(t),n〉〈δsj(t),n〉](∑q

n=1 [〈δ2si(t),n〉 − 〈δsi(t),n〉2]
)1/2(∑q

n=1 [〈δ2sj(t),n〉 − 〈δsj(t),n〉2]
)1/2

∣∣∣∣∣∣∣
|�ri−�rj |=r

. (6)

In order to obscure the effects of the lattice anisotropy, we will only consider couples i, j
along the horizontal and vertical directions. In this case, due to invariance under rotation
over 90 degrees and homogeneity, Cij(r, t) only depends on the distance r = |�ri −�rj|,
where �r is the vector joining i and j, and for given r should be independent of i or j.
Hence, further on we will denote it as C(r, t) and, enforcing this symmetry, we will rather
compute the spatial average of the quantity in equation (6), namely L−2 ∑

ij Cij(r, t),
where i runs over all the lattice and j only over sites at distance r (in horizontal or
vertical direction) from i. In this way, we will improve the statistics. Labelling of the
q possible values of the spins will be done in the following in a dynamical way: at
any time we order the colours according to their abundances, from the most to the
least represented, and label them with n increasing from 1 to q. This method is useful,
particularly in the late stage of the dynamics where, as we will discuss, a clear hierarchy
of abundances sets in. We have checked that some exchanges in the ordering occur
during evolution for the q values we use here but these are rare. Roughly speaking, a
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hierarchy of colours is installed by the sequence in which the phases nucleate. Defining

σ2
n(t) = 〈δ2si(t),n〉 − 〈δsi(t),n〉2. (7)

Equation (6) can be rewritten as

C(r, t) =

∑q
n=1 σ

2
n(t)Cn(r, t)∑q

n=1 σ
2
n(t)

, (8)

where

Cn(r, t) =
〈δsi(t),nδsi+�r(t),n〉 −

〈
δsi(t),n

〉
〈δsi+�r(t),n〉

σ2
n(t)

(9)

is the correlation function restricted to the colour n. Equation (8) transparently
expresses the fact that the unrestricted correlation is the weighted average of the
restricted ones, the weights being the variances associated to si by equation (7).

Dynamical scaling holds if C(r, t) takes the form

C(r, t) ∼ g

[
r

R(t)

]
, (10)

for r � a a microscopic length scale, where g is a scaling function andR(t) a characteris-
tic size with the meaning of the typical domain’s linear dimension. From the correlation
function one can extract such a size in different ways. For instance, one can use the
moments as

R(t) = Rμ(t) =

⎡
⎣
∑
r

rμ C(r, t)
∑
r

C(r, t)

⎤
⎦

1
μ

. (11)

In case of dynamical scaling, determinations with different values of μ provide propor-
tional results (however large μ values are numerically problematic since the noisy large-r
tails of C(r, t) are heavily weighted). Similarly, one can use the half-height width to
define R(t) through

C(R(t), t) =
1

2
. (12)

In the following we will use this determination which is easier to implement. Analogously,
the typical size of the domains of a specific colour Rn(t) can be defined replacing C with
Cn in equation (12):

Cn(Rn(t), t) =
1

2
. (13)

Let us mention that equation (13) cannot be used to determine the domain size of
colour n in two situations: (i) the corresponding colour is not present in the system
(apart from thermal fluctuations). In this case Cn 	 0, equation (13) loses its mean-
ing, and Rn could be taken to be zero. (ii) The colour has invaded the whole system.
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Figure 1. (a) The time evolution of the growing length R defined in equation (5)
for q = 9, 24, 100 (see the key). The linear system size is L = 700. The dashed
segment shows the asymptotic curvature driven growth t1/2. In the inset the T/T c

dependence of R in the case q = 24 and L = 700 is shown. (b) R(t) for q = 24
and different linear system sizes L = 80, 95, 110, 142, 300, 700, 1000 (the last two
curves superimpose). The dashed vertical segments indicate the times at which the
snapshots of figure 2 were taken. The time dependence is discussed in the text.

In this case Cn decays to zero on a distance of the order of the size of thermal fluctua-
tions (note that C is a connected correlation) and is not related to the size of the domain
of the winning colour which is close to the system size L. In general, immediately before
one of the two situations (i) or (ii) occurs, one measures a very small value of Rn. Hence
it must be kept in mind that a small value of Rn does not necessarily mean that the
corresponding colour is present only in small domains, but it could as well be that it has
flooded the system. Which case applies must be ascertained differently, for instance, by
visual inspection of the configurations. This will be important further on.

3. The dynamical process

In the following we will discuss the results of the numerical simulations of the Potts
model introduced in equation (2). We will mainly consider three q values, q = 9, 24,
100, as paradigms of small, intermediate and large q behaviour. Other q values have
also been studied and we sometimes include them in the presentation. These systems
are quenched to final temperatures close to the critical ones, T c(q), in order to investigate
the metastable state and its lifetime. In most of our simulations we set T = 0.9912 · T c(q)
for q = 9, T = 0.98 · T c(q) for q = 24, and T = 0.95 · T c(q) for q = 100. These choices
are motivated by the requirement to have a comparable nucleation time τ(q,T ) (see
discussion below, and figure 1) for the three reference values of q. Notice that fixing
τ(q,T ) does not mean that, for different q, one has the same value of (T c(q)− T )/T c(q).
Let us also remind that, as discussed below equation (3), T c(q) is the critical temperature
of the infinite system. In order to investigate the finite-size effects, a central issue of this
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Figure 2. Snapshots of a typical evolution of the q = 24 Potts model quenched to
T = 0.98 · T c for different lattice sizes. It is possible to appreciate that the number
of phases that nucleate increases with the linear size of the system: k = 1 for L = 80,
k = 2 for L = 95, k = 3 for L = 110 and k = 6 for L = 142, all at t = 105.

paper, we will use systems in the range of sizes L ∈ [200, 1000] (only for qualitative
illustrations, such as the snapshots in figure 2, we consider systems as small as L = 80).
Comparing the value of the equilibrium coherence length ξ at T+

c (q) given in [49] with
the system sizes we use, one concludes that L/ξ is at least 13 (in the worst case L = 200
with q = 9). Therefore our studies are expected to be basically free from the usual
equilibrium finite size effects occurring when L is smaller than or comparable to ξ.
Concerning finite size effects in the non equilibrium process, one has to control that, at
least, the size of the domains present in the system is much smaller than L. For these
reasons the quantitative analysis performed below does not go beyond the time t = 107,
namely, when such finite size effects start appearing for the largest, L = 103, system
considered. In figure 1(b) this corresponds to the time when, in a system of size L, we
see a second jump of R (e.g. for L = 300, starting around t = 6 · 105), linked to the fact
that only just a few domains remain. This, however, does not exclude other finite size
effects of non-equilibrium nature, which are indeed a central point of this article, as we
will explain below.

A first qualitative description of the kinetic process after the quench stems from
the behaviour of R(t), the typical length scale extracted from the analysis of the excess
energy as in equation (5), which is shown in figure 1. With some quantitative differences,
the same kind of pattern is observed for any value of q (see also [37, 44, 50] where this
quantity, for more T and q values, respectively, was shown). After a short transient, one
can clearly identify three extended regimes. The first one is associated to R growing
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Figure 3. The space–time correlation function C(r, t) is plotted with continuous
lines against r for a quench of the model with q = 24 and L = 700, from infinite
temperature to T = 0.99 · T c (a), T = 0.995 · T c (b), T = 0.999 · T c (c). Different
curves correspond to different times exponentially spaced (from bottom to top
t = 2, 4, 7, 15, 31, 64, 137, 291, 618, 1316, 2802, 5968, 12709, 27 066, 57 642, 122 762,
261 451, 556 822, 1185886). The crosses refer to a quench to T = T c and the black
dashed lines represent the final equilibrium state. See the text for a discussion.

slowly or staying approximately constant, R(t) 	 Rm. This plateau, which is flatter and
longer as T → T−

c at fixed q or as q →∞ at fixed (T − T c)/T c, is a clear manifestation
of metastability. In this time lag the kinetics is slow and for sufficiently large q has
almost no effect because the system is confined in a local free energy minimum and the
trapping barrier is not yet jumped over. In order to do it, critical nuclei, namely ordered
domains of a sufficiently large size, must develop. However, this is an activated process
which requires a certain time τ(q,T ), the nucleation time. At t � τ(q,T ) the system is
still in a rather disordered state, visually not too different from the initial one, see the
snapshots taken at t = 800 in figure 2. Some small ordered domains can be spotted but
they are too tiny to start nucleation.

Actually, this metastable state is similar to the equilibrium one at T c, in a sense
that we are going to specify below. We illustrate this point by means of the correlation
function defined in equation (6). In figure 3 this quantity is plotted against r during the
evolution after a quench. Let us focus, to start with, on figure 3(a), where curves for
a quench to T = 0.99 · T c (continuous lines) are compared to those, taken at the same
times, for a quench to T = T c (crosses). In the latter case one sees that, as time goes on,
the correlation extends to larger values of r until at t 	 teq(T c) 	 103 the curves start to
superimpose, signalling that equilibrium has been reached (dashed ones). Notice that,
according to the results in [49], the equilibrium coherence length at T c is ξ = 2.1554 for
the case with q = 24 considered here. Hence the range of distances plotted in figure 3
extends well beyond ξ. At short times, a similar pattern is displayed by the curves of the
subcritical quench (continuous ones) which stay close to the ones previously discussed.
At longer times, for t > teq(T c), the correlations move to the right further than those
of the quench to T c and there is tendency to accumulate on a curve somewhat broader
than the equilibrium one at T c. This occurs roughly in the range of times t ∈ [103, 104]
which corresponds to the nucleation time. In this time range the correlation is almost
time-independent at short r, whereas some evolution can be spotted at large r. This
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signals that the metastable state is not really stable, and that a prodrome of its decay,
which can be interpreted as the build up of supercritical nuclei, is becoming manifest at
large distances. Finally, roughly for t > 104, a quick growth of correlations is observed,
unveiling that metastability is over and that the next stage, where ordering takes place,
has been entered. In this case, the classification of the behaviour of the correlation into
three stages (initial evolution, stasis, late evolution) is not sharp because, as we discuss
below, T is relatively far from T c.

Let us now have a look at the other two panels in figure 3. In the central one (b)
the quench is closer to T c and the accumulation of curves in the metastable state is
clearer than in the left panel. Furthermore, the locus where superposition occurs is also
closer to the equilibrium curve at T c than in the left panel. In the right panel (c) the
subcritical quench is so close to T c that the departure from the metastable state cannot
even be measured within the simulated times. Besides that, one sees a pattern similar
to the one observed in the other panels, with the notable difference that the correlations
in the metastable state are almost indistinguishable from the ones of a system relaxing
to equilibrium at T c. This clarifies our statement that the metastable state is similar to
the equilibrium one at T c: the closer to T c the quench is, the longer the life-time of the
metastable state and the more similar to equilibrium at T c it is

6.
The nucleation time τ(q,T ) can be roughly identified as the time when the plateau is

over and R jumps rather abruptly to a higher value, see figure 1. This is a violent process
corresponding to the fast invasion of available space by the super-critical nuclei, as it
can be seen from the snapshots in figure 2 corresponding to t = 4 · 104 and t = 6 · 104.
Such speedy relaxation becomes sharper upon increasing q.

The duration τ(q,T ) of the metastable state increases as T → T−
c , as it can be seen

in the inset of figure 1(a). In the same picture we can also observe that the plateau value
Rm is rather T -independent while, instead, there is a clear dependence on q. In [50] it
was found that this value is well approximated by Rm ∝ [ln(q − 4)]−1 for small q (q � 50)
and then, increasing further q, it saturates to a value of order one. This dependence can
be understood recalling that Rm is the inverse energy density excess (equation (5)).
The energy density em in the metastable state was computed in [34] and goes to zero
for large q as em 	 −a(T )q−1/2, where a(T ) > 0 is a temperature dependent factor. On
the other hand, the asymptotic equilibrium quantity e(∞) < 0 becomes independent of
q [52] for large q. Therefore, we conclude that Δem = em − e(∞) approaches a large-
q value (−e(∞)) from below, as observed. Given the choice of temperatures made in
figure 1(a) (so as to have roughly τ(q,T ) fixed) it is clear that, changing q and working
instead at a constant T or even at a finite fraction of T c(q), i.e. T = x · T c(q), the lifetime
of metastability increases with q. Similarly, we have also noticed that the temperature
range with metastability widens for larger q. Specifically, indicating with T � the lower
temperature where metastability is still observed we find that (T c − T �)/T c increases
with q.

6 Note that this is quite different from what happens in the paradigmatic example of nucleation: the Ising model, at constant
T < T c, under a reversing field. In this case, and in the typical Ginzburg–Landau double-well representation, it is claimed that the
system globally remains in the ordered metastable state after reversing the field, with no long-range effect of the post-quench field,
until the critical radius is reached, and the new equilibrium configuration invades the full system. Of course the nucleation process
leading to equilibration is similar.
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The fast process associated to the steep increase of R ends at a time tcoal when
d2R/dt2 becomes negative. (Notice that this definition is meaningful for sufficiently
large sizes L, say L > 110, as it can be seen in figure 1(b). For such sizes this occurs
around t = 4 · 104. For smaller sizes d2R/dt2 may not show the change of sign as finite
size effects produce a faster growth of R due to the prevailing presence of the winning
colour.) Looking at figure 2, one sees that this time roughly corresponds to configurations
where nuclei of different colour start to come in contact. At this point a coarsening
phenomenon sets in produced by the competition among domains, as shown in figure 2
and reported in [36–38, 41–46] and, for the closely related vector Potts (or clock) model,
in [51]. In this kind of evolution one has phase ordering kinetics and expects dynamical
scaling with R(t) ∼ t1/2, which is indeed roughly noted in figure 1 at very long times
(for q = 100 this behaviour is likely to be reached at times longer than the simulated
ones). Since this regime is not the focus of this paper we content ourselves with such a
semi-quantitative indication.

Before closing this section let us comment on the fact that the data for R are free
from finite-size effects until domains coarsen up to a length comparable to the system
size, which occurs at a time tfs(L) that can be recognised as the time when the curve
for R(t) for a given L departs from the corresponding one for L = ∞. This can be seen
in figure 1(b) where one sees that the curves deviate from the one corresponding to
the larger system size (L = 1000) when R(t) 	 0.1 · L. For instance, this occurs at a
time tfs(L = 300) of order 6 · 105, and around tfs(L = 142) 	 6 · 104. However, the fact
that this particular quantity (R) does not feel the size of the system before tfs(L) does
not mean that the dynamics is globally free from finite-size effects in this time domain.
Actually, in figure 2 one clearly sees that the configurations at a given time look very
different in systems of different sizes. The next section is devoted to a quantitative
analysis of this effect and to the discussion of such feature.

4. Multi-nucleation

In the introduction we have briefly discussed the fact that in the thermally driven
first-order transition the role of the system size is important. The reason is that τ(q,T )
and the pseudo-spinodal temperature depend on the system size. In the previous section
we have already anticipated that, besides this feature, also the dynamic escape from
the metastable state depends significantly on the system size, as a visual inspection
of figure 2, where the same quench of the q = 24 model is operated on systems of
different sizes, clearly displays. Specifically, when a relatively small size is considered
(L = 80, upper row) a single critical droplet forms and grows, invading the whole system
(last two snapshots). Basically in this case the growth time is small compared to the
nucleation time (the latter is initially expected to scale as L−2). This is what we call
mono-nucleation, or one-nucleation. We have checked that such phenomenon is observed
rather independently of the thermal realisation of the process.

In the second row the behaviour of a slightly larger system (L = 95) is shown. This
small size increase is sufficient to qualitatively modify the situation, in that there are
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Figure 4. The typical lengths Rn of the various colours defined in equation (13)
are plotted against time for the model with q = 9 quenched to T = 0.9912 · T c. The
log–log scale is the same in the three panels. The black dashed line is the average
R. The system sizes are L = 300 (a), L = 700 (b) and L = 1000 (c). Each curve
represents an average over 500 non-equilibrium realisations.

now two nucleating colours, the orange and the brick red ones. Then, in this case, we
have bi-nucleation, or two-nucleation. Again, this feature is rather independent of the
thermal realisation, as it will be shown below by means of a statistical analysis. After
nucleation, surface tension closes the domain of the minority colour (last snapshot),
symmetry is definitely broken and equilibrium is attained.

Increasing further the system size as in the two rows below, the fate of a system
changes again and one observes three-nucleation and six-nucleation. Notice that, after
multi-nucleation, the competition among domains of different colours leads to a pro-
gressive reduction of their number. Increasing further L (not shown) one can observe
k-nucleation with k up to q (q = 24 in this example).

In order to discuss the multi-nucleation process and its dependence on the system
size at a more quantitative level we consider the typical lengths of the various colours,
Rn(t), which are shown for three different system sizes in figure 4. From this figure
one clearly sees that Rn for the various colours initially grow, up to, on average, a
characteristic time t∗n when they reach a maximum R∗

n and then shrink. This means that
domains of the corresponding colour grow, reach a maximum size, and then collapse and
disappear. For the prevailing colour (and possibly the next ones in the hierarchy also
reaching domain sizes comparable to the system size itself) denoted by #1 in figure 4,
the interpretation is different, since the final decrease of R1 must be associated to the
invasion of a significant fraction of the whole space, according to what discussed in case
(ii) at the end of section 27.

From the comparison between the three different system sizes represented in figure 4,
one can make some remarks. First, it is clear that for small sizes not all colours nucleate
whereas they usually do in larger systems. For instance, colour #9, represented in blue,
does not show the fast increase signalling the escape from metastability for L = 300 and
R9 does not go beyond ∼1, whereas it does grow significantly in the larger systems with
L = 700 and L = 1000. This indicates that Rn is a quantity one can use to establish the

7Notice that if only two colours remain (with n = 1, 2) one always has R1 	 R2 due to the definition of these lengths through the
correlation function.
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average number of nucleating colours. Secondly, from figure 4 one sees that both the peak
time t∗n and the peak height R∗

n(q,T ,L) are increased in a larger system. Exploiting these
two observations we developed a method to determine the average number of nucleating
phases as a function of L and q, which we now describe.

First, we measure the maximum of Rn(t; q,T ,L) over time, which we called
R∗

n(q,T ,L), at fixed T for all n = 1, . . . , q and different system sizes. The 24 curves
in the inset of figure 5(b) represent R∗

n(q,T ,L) against L in a system with q = 24 at
fixed T . The first three panels (a)–(c) refer to different values of q, and show that the
data very clearly obey a scaling form

R∗
n(q,T ,L) ≡ max

t
Rn(t ; q,T ,L) = fq

[
L

Ln(q,T )

]
, (14)

where Ln(q,T ) is a fitting parameter which is plotted as a function of n for the three
q values in figure 5(d). A similar pattern is found for other values of q, not reported in
the figure. Notice that imposing collapse of the curves according to equation (14) only
fixes Ln(q,T ) up to an arbitrary multiplicative constant. We fix it by asking that the
steep part of fq(x) be centred at x = 1. As we further discuss below Ln is roughly the
smallest system size for which the cluster of the nth colour reaches the critical size.

The scaling function fq(x) stays small for x � 1 and it suddenly increases around
x = 1. The increase is steeper for larger q, which is presumably due also to the fact
that for large q the probability of having more than one nucleus of the same colour
is greatly reduced. After this increase fq(x) behaves as fq(x) ∼ x for large x (see the
dashed lines in figures 5(a)–(c)). This latter trend indicates that, for each colour such
that the representative point lies in this sector, the maximum size of the domains is
triggered linearly by the system size, as it usually happens for a finite size effect in
a standard (e.g. binary) coarsening system (see also the discussion at the end of this
section). Hence, we argue that points belonging to this sector of x, i.e. x > 1, correspond
to colours that, given the system size L, have nucleated. Analogously, points in the small
x sector, i.e. x < 1, where fq(x) takes an approximately constant small value, correspond
to colours that did not succeed nucleating. On the basis of this, we conclude that x > 1,
namely L > Ln(q,T ), is the condition for the nth colour to be in the coarsening stage.
In particular, one can interpret L2(q,T ) as the smallest system size in order to have
competition between domains of different colour.

We also observe that the small-x plateau value of fq(x) decreases with increasing q.
This can be explained recalling that points laying there are representative of colours that
do not nucleate, and arguing that, as such, their properties are basically those of the
metastable state. The latter, in turn, is akin to the equilibrium state at T c, see figure 3
and its discussion in section 3, whose coherence length decreases upon increasing q [49].

The plot of Ln(q,T ) against n in figure 5(d), displays an exponential dependence

Ln(q,T ) = �(q,T ) en/N (q). (15)

This law describes well all the data for q = 9, 24, and the large n (n > 20, say) region
for q = 100. The fitting parameters are �(q,T ) = 59.43, 82.97, 200.00 and N (q) = 3.546,
11.848, 67.568 for q = 9, 24, 100 and the temperatures used in these simulations (see the
beginning of section 3), respectively. Furthermore, we found an analogous behaviour for
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Figure 5. The maximum of Rn(t ; q,T ,L) over time, called R∗
n(q,T ,L), is plot-

ted in log–log scales against the rescaled size x = L/Ln(q,T ) (see the text)
for q = 9 (a), q = 24 (b) and q = 100 (c). The system sizes are L = 200,
250, 300, 400, 500, 600, 700, 800 and different colours correspond to different L data.
The dashed black lines are the linear behaviour y ∼ x. The inset in (b) contains the
unscaled data (R∗

n(q,T ,L) vs L) for q = 24 and various values of n (from the most
abundant phase on the top, to the less abundant on the bottom). In (d) the depen-
dence of Ln on the colour n is plotted for the three values of q, in a semi-log plot.
Notice that for q = 24 the data in (d) are compatible with the snapshot in figure 2.

other values of q not portrayed in figure 5. Let us now discuss the q and T dependencies
of the number N and the length scale �.

Repeating the procedure above at different temperatures we find that the fitting
parameter N is, within errors, independent of T , as shown in the inset of figure 6(a) for
q = 24. The variation reported can be ascribed to some random effect, or errors, rather
than to a genuine dependence (notice also that the fluctuations of N are around 10%
of N itself). Similar results are found for other values of q. This justifies having written
N (q), with no T dependence, in equation (15). Finally, as shown in figure 6(a), N (q)
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Figure 6. (a) The dependence of N introduced in equation (15), on q by choosing T
at a q-dependent value such that the lifetime τ(q,T ) of the metastable state is kept
constant. In the inset the dependence of N on T/T c(q), for q = 24, is displayed,
showing that it is not significant (notice the narrow interval on the y-axis). (b) The
dependence of �, also defined in equation (15), on T/T c(q) for q = 24.

turns out to increase in a roughly linear way with q and have a rather large range of
variation.

Concerning the prefactor �(q,T ), its dependence on T/T c(q) (at fixed q = 24) can
be appreciated in the right panel of figure 6, where one finds that �(q,T ) increases with
T . One could expect that �(q,T )→∞ for T → T c, because equation (15) would imply
that all the Ln(q,T ) diverge in this regime, meaning that the nucleation time diverges in
this limit (there is no nucleation right at T c). The metastable state becomes the stable
equilibrium one, as expected, at the critical point. On the other hand, with the choices
of T made in our simulations, which as discussed earlier correspond to fixing the lifetime
τ(q,T ) of the metastable state, the dependence of �(q,T ) on q cannot be established
and we do not show it here.

Coming to the issue of multi-nucleation, applying the argument above to Ln(q,T ),
we can say that the nth colour, on average, may nucleate if L > Ln. Using equation (15)
we arrive at the conclusion that, given a system size L, one has k-nucleation with

k(q,T ,L) =

{
N (q) ln

[
L

�(q,T )

]}
∈[1,q]

, (16)

where the notation {Z}∈[1,q] = max{1, min{q,Z}} simply accounts for the constraint
k ∈ [1, q] and k integer. k in the equation above has the meaning of the (average) number
of colours that access the coarsening stage. One can easily check that, using the values of
N (q) and �(q,T ) which we found fitting Ln in this equation, one can correctly predict the
number of nucleating colours observed in the various cases of figure 2. Notice however
that the domain of validity of this equation is inherited by the one of equation (15).
Hence, if q is large it holds true only for sufficiently large values of k, see figure 5(d).
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Moreover, as we will further discuss in section 5, we expect this logarithmic behaviour to

change for values of q much larger than the intermediate ones considered in this paper.

This result shows that, for a given q, the number k of nucleating phases grows only

logarithmically with the system size up to k = q. When the thermodynamic limit is

taken from the onset, all phases nucleate.

Also, if �(q,T ) does not depend much on q, Ln(q,T ) decreases for increasing q

(because N (q,T ) increases). Hence increasing q increases the number of nucleating

phases. This can be checked in figure 5(d). Let us also notice that equation (16) informs

us on the number of nucleating phases, but does not predict the time needed to nucle-

ate. Clearly, if this time grew towards infinity, no nucleation would be found. In the

large q-limit, it was also observed that a different mechanism takes over, see for instance

figures 6(c) and (d) in [35], with, possibly, a different scaling of k with L that still needs

to be investigated in depth.

The discussion above shows that the multi-nucleation dynamics of the two dimen-

sional Potts model exhibits peculiar finite size effects, rather different from the ones

arising in the phase-ordering of binary systems. In the latter, there are only two com-

peting colours and the growth of the domains does not feel the finiteness of the system

until some time tend(L), when the domain sizes become comparable to L. At this point

the coarsening process with a balanced competition among domains enters a final stage

in which one domain eventually dominates and equilibrium is approached. For times

t � tend any (intensive) measurement does not depend on the value of L. In the Potts

model, one observes an analogous behaviour when observing a quantity like R, as we

discussed at the end of section 3. This L independence (for t � tend(L)) also holds

true for the sizes R1 and R2 of the two prevailing colours. However, the number k of

coarsening phases depends on L up to a value of L roughly as large as Lq, given in

equation (15). Notice that this characteristic size diverges as T → T c for a given q as

discussed above. Worst, the sizes Rn (n ∈ [3, q]) of the domains of the minority colours,

do depend on L even if measured at times t � tend (see figure 4). This different behaviour

is perhaps at the origin of many controversies on the size dependence of the metastable

dynamics.

One might wonder how it may be possible that the unrestricted quantity R

(equation (5)) be size-independent whereas the restricted ones Rn do depend on L, given

that R is representative of the average of the Rns (although the latter are obtained

from the correlation function, see equation (13)). This occurs because R only fixes

the average size of domains but not their colour, as it is schematically illustrated in

figure 7. The configuration on the left shows a portion of a system of size LA at a

time t where six phases are present. On the right, instead, an analogous system with

a different size LB < LA is represented at the same time t. The represented portion

of the first system equals the total size of the second. It can be seen that, although

two phases (the green and the brown one) are absent in the smaller lattice (hence the

number of colours is L dependent), the size of the domains does not change (hence is

L independent).
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Figure 7. Two pictorial configurations of the bidimensional Potts model on the
square lattice. The system on the right has a size LB and the picture represents
the whole lattice. The one on the left has a larger size LA > LB but in the picture
only a part of it, of size LB, is shown. The two systems are characterised by the
same size of the domains, but in the right one the green and brown phases have
disappeared.

5. Discussion

In this paper we studied the multi-nucleation phenomenon after a shallow quench of the
Potts model with 4 < q � 100 to T � T c(q). A related study of the model with q � 100
addressing deep quenches to T � T c(q) was presented in a companion article by some
of us [35].

The main result of this paper, which is contained in equations (14)–(16), is that the
number of nucleating phases of the two-dimensional Potts model with not too large q
(see discussion below) increases logarithmically with the system size. (As the equation
establishes, this growth is bounded by q itself.) The logarithmic behaviour informs
us that this feature cannot be fully explained by the trivial geometrical fact that a
larger system can accommodate a larger number of developing colours. If this were the
origin, the snapshots in figure 2 should display an equal number of nucleating phases in
portions with equal area of systems with different sizes. This, however, is not observed.
For instance, comparing the systems of relative almost double size L = 80 (first line) and
L = 142 (last row), at time t = 80 000, one sees that there is only one nucleating colour
(orange, besides a remnant of the disordered phase) in the smallest system, whereas
there is typically more than one colour in a portion of area 80× 80 of the system with
L = 142.

This raises an important question which, by the way, concerns also the size depen-
dence of the metastable state recalled in the introduction: how can a system with a
very short coherence length (of the order of the nuclei size, as it can also be appreci-
ated from the correlation function of figure 3) feel the system size logarithmically as in
equation (16)?

The mechanism for ordering in systems with q � 100 is rather different from the one
discussed here. In these systems after an extremely long waiting period (the longer the
closer to T c(q) at fixed q, or the larger q at T/T c(q) fixed) the systems suddenly jump
to a partially ordered blocked state with large domains. No ‘sand’ (disordered regions
between clusters that can be seen in figure 2) lubricates the motion of the domain walls
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in this case and the interfaces are mostly straight. Although the quench is to high T ,
even close to T c(q), these blocked states resemble the ones at zero temperature. We
postpone the analysis of the ordering process under these (q,T/T c(q)) conditions to a
future publication. Still, an idea of the way in which the typical length scale R increases
in time in this regime of parameters can be reached by looking at figures 6(c) and (d)
in [35].

Acknowledgments

We thank A Vezzani for very useful comments, and F Chippari with whom two of us
performed a parallel study of quenches towards parameters farther away from T c(q)
[35]. We also wish to express out gratitude to H Van Beijeren who, as editor of this
submission, made suggestions that helped us improve the quality of this manuscript.

References

[1] Debenedetti P G 1996 Metastable Liquids (Princeton, NJ: Princeton University Press)
[2] Rikvold P A and Gorman B M 1995 Recent results on the decay of metastable phases Annual Reviews of

Computational Physics I ed D Stauffer (Singapore: World Scientific) ch 5 p 149
[3] Günther C C A, Rikvold P A and Novotny M A 1993 Numerical transfer-matrix study of metastability in the

d = 2 Ising model Phys. Rev. Lett. 71 3898
[4] Günther C C A, Rikvold P A and Novotny M A 1994 Application of a constrained-transfer-matrix method to

metastability in the d = 2 Ising ferromagnet Physica A 212 194
[5] Debenedetti P G and Stillinger F H 2001 Supercooled liquids and the glass transition Nature 410 259
[6] Thirumalai D and Reddy G 2011 Are native proteins metastable? Nat. Chem. 3 910
[7] Völker J, Klump H H and Breslauer K J 2008 DNA energy landscapes via calorimetric detection of microstate

ensembles of metastable macrostates and triplet repeat diseases Proc. Natl Acad. Sci. USA 105 18326
[8] Frenkel J 1946 Kinetic Theory of Liquids (Oxford: Oxford University Press)
[9] Laaksonen A, Talanquer V and Oxtoby D W 1995 Nucleation: measurements, theory, and atmospheric

applications Annu. Rev. Phys. Chem. 46 489
[10] Chaikin P M and Lubensky T C 1995 Principles of Condensed Matter Physics (Cambridge: Cambridge University

Press)
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